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: Given a convex $\mathrm{I}^{)\mathrm{o}1_{v}}\mathrm{V}$goll $P\mathrm{i}_{\mathrm{l}1}$ the $\mathrm{P}^{\mathrm{l}\mathrm{a}11\mathrm{e}}\subset \mathrm{i}11(1(\mathrm{U}1$ integer 71. we cortsider tte problem of
triangulating $P$ usillg $n$ Steiner $\mathrm{I}$){ $)\mathrm{i}_{1}1\mathrm{t}\mathrm{t}arrow$ under tlle following $(\mathrm{I})\mathrm{t}\mathrm{i}_{\mathrm{l}\mathrm{U}}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}_{\mathrm{V}}$ criteria: (1) minimizing
the ratio of the lnaxinlum edge lellgth to $\mathrm{t}$ he $111\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{i}_{\mathrm{l}1}1\mathrm{t}\mathrm{l}\mathrm{m}$ one. (2) $111\mathrm{i}11\mathrm{i}\mathrm{l}\mathrm{n}\mathrm{i}\mathrm{Z}\mathrm{i}\mathrm{n}_{\neg}\llcorner U$ the maxinlum
edge length, and (3) minimizing the lnaxiullllu triangle $1$ ) $\langle^{1}\mathrm{r}\mathrm{i}\mathrm{m}\mathrm{c}\mathrm{t}\mathrm{e}\mathrm{r}$ . We $e\mathrm{s}\mathrm{t}\mathrm{a}\iota$) $\mathrm{l}\mathrm{i}\mathrm{S}\mathrm{h}$ a $1^{\cdot}\mathrm{e}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$
of these problems to a certain extreme packing $1$ ) $\mathrm{r}()\mathrm{b}]\mathrm{e}\ln$ for $P$ . Based on this relationship.
we develope a heuristic producing constant $\subset‘\{1$) $1^{)1\langle)}.\mathrm{x}\mathrm{i}111\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}11\mathrm{s}$ for alry of the (1)$\mathrm{t}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ criteria
above (provided $n$ is chosen sufficiently large). $\prime \mathrm{j}$ hat is, $\mathrm{t}11\mathrm{C}$ } triangular mesh produced is
uniform in these respects. The $\iota \mathrm{n}\mathrm{e}\mathrm{t}\mathrm{h}\mathrm{o}\mathrm{d}$ is easv to $\mathrm{i}_{111}\mathrm{p}\mathrm{l}\mathrm{e}111‘\iota 11\mathrm{t}$ and runs in $O(n^{2}\log r7_{/})$ time
and $O(7l)$ space. The $\mathrm{o}\mathrm{t}$)$\mathrm{S}\mathrm{e}\mathrm{r}\mathrm{v}\mathrm{e}\mathrm{d}$ runtime is $11\iota\iota 1\mathrm{C}\iota_{1}1\epsilon\sim_{5}\mapsto$. Moreover, for criterion (1) the method
$\mathrm{W}\mathrm{o}\mathrm{r}\mathrm{k}\mathrm{s}-\mathrm{W}\mathrm{i}\mathrm{t}\mathrm{h}\mathrm{i}_{\mathrm{l}1}$ the same (’$\mathrm{o}\mathrm{m}_{\mathrm{P}\mathrm{t}}1\mathrm{e}\mathrm{x}\mathrm{i}\mathrm{t}\mathrm{v}$ and $\mathrm{a}_{\mathrm{P}1^{)}\dot{c}\mathfrak{i}}\mathrm{r}o\mathrm{x}\mathrm{i}_{\mathrm{l}}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}$bollllds for arbitrary polygons with
possible lloles, and for criteria (2) an( $1(\backslash ’;)$ it do‘ $\cdot.\mathrm{b}^{\backslash }‘\backslash 1\rangle$ for a large subclass.
: $\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{a}\mathrm{n}\mathrm{g}11\mathrm{J}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n},$ $1\mathrm{n}\mathrm{e}\mathrm{S}\mathrm{h}\mathrm{g}\mathrm{e}11(^{1}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{i}(\rangle 11, \backslash ^{r_{()1()}}\cdot \mathrm{n}\mathrm{f})\mathrm{i}$ diagrant $\mathrm{a}\mathrm{p}\mathrm{P}^{\mathrm{r}(}$)$\mathrm{X}\mathrm{i}\mathrm{l}\mathrm{n}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{r}}1$ algorithln
1 Introduction
Given a convex polygon $P$ in the plane $\mathrm{a}11(1$ a $\xi^{)(\rangle,}\backslash -$
itive illteger $\uparrow \mathrm{t}_{y}$ . we consider the probleln of gellel$\cdot$ $-$
ating a t,riangular lnesh :or the interior of $P$ us-
ing $n$ St,einer polints such that ceitain optimalitv
criteria concerning uniforInity of edge lengths $\mathrm{a}\mathrm{l}\cdot \mathrm{t}$ ’
satisfied. In other words, under certain $\mathrm{o}\mathrm{p}\mathrm{t}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{a}\downarrow-$
ity criteria, we want to find a set $S_{7?}$ of $7l$ points
inside $P$ as well as a triangulation of $P$ llsing $6_{71}’$ .
The problems we consider are forlnalized as fol-
lows: Let $V$ be the set of vertices of $P$ , and let
$’\Gamma$ denote $\mathrm{t}_{\mathrm{r}}\mathrm{h}\mathrm{e}$ set of all possible triangulatiolls $\{)\mathrm{f}$
$\backslash 5_{r\epsilon}$ (- $V$ , When a point set $S_{n}$ illside $P$ is fixed,
we suppose tllat we want to lninimize the respec‘
$\mathrm{t}_{)}1\mathrm{V}\mathrm{e}$ objective function over all triangulations ill
$T$ . We shall consider the following three objc$(-$
$\mathrm{t}_{\mathrm{J}}\mathrm{i}\mathrm{v}\mathrm{e}$ functions: $(’1)$ ratio of $\mathrm{t}\}_{1\mathrm{e}}$ lnaxim\iota lm edge
length to the minimum one, (2) $\mathrm{m}\mathrm{a}\mathrm{x}\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{u}\mathrm{m}\mathrm{e}\mathrm{d}\mathrm{g}‘\backslash$
$1\mathrm{e}^{\mathrm{l}}\mathrm{n}_{-^{\gamma 11}}()$ . $\mathrm{a}11$( $1$ (:}) lnaximum triallgle $\mathrm{I}$) $\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}$ . Let
$l(\mathrm{C}_{\mathit{1}}1$ denote tlle (Euclideall) lellgth of edge $c$ , and
let $\mathit{1}$ )$\mathrm{c}’\cdot\cdot i(\triangle)$ be tlle $\mathrm{I}$) $\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{r}$ of triangle $\Delta$ . The









$\llcorner 9_{n}\subset P^{T\in\tau_{e\in T}}$
$\mathrm{P}\mathrm{r}\mathrm{o}\mathrm{t})\mathrm{l}\mathrm{e}\mathrm{m}3$:
$\min\min \mathrm{m}\mathrm{a}\mathrm{x}per?(\Delta \mathrm{I}\cdot$
$\backslash _{1}"\subset P^{T}\in \mathcal{T}\Delta\in^{\tau}$
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We will first develope a $\}_{1\mathrm{e}\mathrm{U}\mathrm{r}}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{i}\mathrm{C}$ called canoni-
cal Voronoi insertion which approximately $\mathrm{s}\mathrm{o}\mathrm{l}\mathrm{v}o\llcorner\backslash$
a certain extreme packing problem for point $\mathrm{s}_{\wedge}\mathrm{c}\mathrm{t}\mathrm{s}$
within $P$ . The method is similar to the one used
in Gonzalez [10] and Feder and $\mathrm{G}\mathrm{r}\mathrm{e}_{\lrcorner}\mathrm{e}\mathrm{n}\mathrm{e}[8]$ de-
veloped for clustering problems. We then show
how to modify the heuristic, to produce a set
of $n$ points whose Delaunay triangulation withill
$P$ constitutes a constant approximatioll for any
of the three problems stated above. Respective
$\mathrm{a}\mathrm{p}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{x}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}_{011}$ factors of 6, $4\sqrt{3}$ , and $6\sqrt{3}$ ar$‘\backslash$
proven, provided $n$ is sufficiently large. As a
byproduct, the solution we construct is a triall-
gulation of constant vertex degree. With lni-
nor modifications, our method works for arbitrarv
polygons (with possible holes), and yields $\mathrm{t}11\mathrm{e}^{\mathrm{s}}$
saiue approximation result for Problem 1. Con-
cerlling Problems 2 and 3, the approximation $\mathrm{f}\mathrm{a}\mathrm{c}\cdot-$
tors above can be guaranteed for a restricted class
of non-convex polygons.
Generating triangulations is one of fundalnell-
tal problems in conlputational geometry. and $\mathrm{h}\mathrm{a}\mathrm{h}$
been extensively studied; see e.g. the survey ar-
ticle by Bern and Eppstein [3]. Main fields of
applications are finite element methods and $\mathrm{c}\mathrm{o}\mathrm{n}1^{-}$
puter aided $\mathrm{d}\mathrm{e}_{J}\mathrm{s}\mathrm{i}\mathrm{g}\mathrm{n}$. In finite element methods.
for example, it is desirable to generate triangll-
lations that do not have too large or too slnall
angles. Along this direction, various $\mathrm{a}_{\mathrm{o}\mathrm{r}\mathrm{i}\mathrm{h}1_{\backslash }}\mathrm{t}\mathrm{n}\mathrm{s}$
have beell reported [4, 13, 6, 2, 5, 16]. $\mathrm{R}\rho \mathrm{s}\mathrm{t}\mathrm{r}\mathrm{i}_{\mathrm{C}\mathrm{t}\mathrm{i}_{1}}1()\wedge$
angles nleans bounding the edge length ratio for
the individual triangles. but not necessarily $\mathrm{f}\mathrm{o}1^{\cdot}$
a triangulation in global, which might be $\mathrm{d}\mathrm{e}\mathrm{s}\mathrm{i}\mathrm{l}\cdot-$
able in some $\mathrm{a}_{\mathrm{P}\mathrm{P}}1\mathrm{i}_{\mathrm{C}\mathrm{a}\mathrm{t}}\mathrm{i}\mathrm{o}1\downarrow \mathrm{S}$ . That is: the $1$) $\mathrm{r}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{c}\alpha\iota$
$\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ need not be uniform concerning the
edge ratio or the perimeter ratio of its triangles.
Chew [6] and Melisseratos and Souvaine [13] coll-
struct uniform triangular meshes in the weakel$\cdot$
sense that only upper bounds on the triangle size
are $\mathrm{r}\mathrm{e}\dot{\mathrm{q}}$uired.
A particular application of uniform $\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{a}\mathrm{n}\mathrm{g}\mathrm{u}\mathrm{l}*$
tion arises in designing structures such as plane
trusses with triangular units, where it is required
to determine the shape from aesthetic points of
view under the constraillts concerning stress and
nodal displacement. The plane truss can be
viewed as a triangulation of points in the plane
by regarding truss melnbers and nodes as edge.$\backslash$
and points, respectively. When focusing on tlle
shape, edge lengths should be as equal as possi-
ble from the viewpoint of design, mechanics and
mallllfacturing; see $[14, 15]$ . In such applications,
the locations of the points are usually not fixed,
but $\mathrm{c}\cdot \mathrm{a}\mathrm{n}$ be viewed as decision variables. In view
of $\mathrm{t}1_{1}\mathrm{i}\mathrm{s}\mathrm{t}$ application field, it is quite natural to con-
sider Problems 1, 2, and 3. To the knowledge of
the authors, the problems dealt with in this pa-
per have not been studied in the field of computa-
tiollal geometry. The mesh refinement algorithms
in $(^{\gamma}1_{1\mathrm{e}}\mathrm{w}[6]$ and in Ruppert [16] are similar in
spirit to ollr Voronoi insertion method, but aim at
diff$‘ \mathrm{r}\mathrm{e}\mathrm{n}\mathrm{t}\mathrm{o}\mathrm{l}$)$\mathrm{t}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{l}\mathrm{i}\mathrm{t}\mathrm{y}$ criteria. A general advantage
of $\mathrm{t}]_{1(^{\backslash }}$ lneshes generated by their methods as well
as ours is tlle absence of favoured edge orienta-
tiolls. $\mathrm{T}\mathrm{h}\dot{\mathrm{x}}\backslash ^{\backslash }$ advantage is not shared by grid-based
or qlladtree-based niethods which are frequently
$\mathrm{u}\mathrm{s}\epsilon^{\iota}(1$ .
Fillding an optimal solution for any of the three
$\mathrm{I})\mathrm{r}()[_{)}1\mathrm{e}\mathrm{l}\mathrm{n}.\mathrm{s}\iota*$ellls to }) $\mathrm{e}$ difficult in view of the NP-
$\mathrm{c}\cdot 01111^{)}1\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{n}(1\mathrm{s}\iota‘$, of packing problems in the plane;
see $().\mathrm{g}$ . .Tohllson [12]. For the case of a fixed
poillf set, lninimizing the maxilnum edge length is
known to be solvable in quadratic time; see Edels-
brulmer alld Tan [7]. Nooshin et al. [14] developed
a potential-based heuristic method for Problem 2,
but did not give a theoretical guarantee for the
$\mathrm{o}\mathrm{t}_{\mathrm{J}}\mathrm{t}$ ained solution.
Tbe following llotation will be used throughout.
$\mathrm{F}\mathrm{o}1$ two poillt, $\mathrm{s}x$ and $y$ ill the plane, let $l(x, y)$
$\mathrm{d}\mathrm{e}11\mathrm{o}\mathrm{t}(^{)}$ ttleir Euclidean distance. The minimum
( $11\mathrm{O}11$-zero) distance between two point sets $X$ and
$\mathrm{Y}$ is $\mathrm{d}\mathrm{e}\mathrm{f}\mathrm{i}\mathrm{n}\propto 1$ as $l(X, Y)= \min\{l(x, y)|x\in X,$ $y\in$
$Y,$ $.l\cdot\neq y\}$ . When $X$ is a singleton set $\{x\}$ we
$\mathrm{S}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l})\mathrm{l}\mathrm{y}$ write $l(X, Y)$ as $l(x, Y)$ . Note that $l(X, X)$
$\mathrm{d}\mathrm{e}\mathrm{f}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{e}\iota\backslash ^{\mathrm{t}}$ tlle lninimum interpoint distance among
the $\iota$ ) $\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}\llcorner\wp \mathrm{t}x$ .
2 Canonical Voronoi Insertion
and Extreme Packing
In tllis section, we consider the following extreme
$pa(king$ pmblem. Let $P$ be a (closed) convex poly-
gon with vertex set $V$ .
. Maximize $l(V\cup S_{\eta}, V\cup S_{n}.)$
$\iotaarrow\iota \mathrm{l}\mathrm{b}\mathrm{j}\mathrm{e}\mathrm{c}\grave{\mathrm{t}}$ to a set $S_{n}$ of $n$ points within $P$ .
In other words. the problem asks for a pack-
ing of $n$ circles with centers in $P$ such that the
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smallest radius is maximum. We shall give a 2-
approximation algorithm for this problem $\mathrm{u}\sin\underline{()}$
canonical Voronoi insertion. In Section 3 we thell
show that the point set $S_{n}$ produced by this algo-
rithm, as well as the Delaunay triangulation ill-
duced by $S_{n}$ within P. can be modified to give
an approximate solution for the three $\mathrm{I}$) $\mathrm{r}\mathrm{o}\mathrm{b}\mathrm{l}\mathrm{e}\mathrm{n}1_{\backslash }\mathrm{s}$
addressed in Sectioll 1.
The algorithm determines the location of the
point set $S_{n}$ in a greedy manner. Namely, start-
$i$ ng with an empty set $S$ , it repeatedly places a
$Y1\mathrm{e}\backslash \mathrm{V}$ point inside $P$ at the positioll which is far-
thest from the set $V\cup S$ . The idea of the al-
gorithm originates with Gollzalez [10] alld Feder
and Greene [8]. and was developed for approx-
imating minimax $k$-clusterings. $\mathrm{c}_{\mathrm{o}\mathrm{m}_{\mathrm{I}^{)\mathrm{a}\mathrm{r}\mathrm{a}}}}\mathrm{b}\mathrm{l}\mathrm{e}$ ill-
sertion strategies are also ubed for mesh genera-
tion in Chew $\lfloor 6$ ] and in Ruppert [16], there called
Delaunay refinement. Their strategies aim at dif-
ferent quality measures. however, and insertioll
does not take $\mathrm{I}$) $\mathrm{l}\mathrm{a}\mathrm{c}\mathrm{e}$ in a canonical manner.
For approximation results concerning packing$‘ \mathrm{b}$
where the size of the objects rather thm thei $\iota$
numoer is prescribed see e.g. Hochbauln and
Maass $[\underline{1}^{\rceil}]\wedge\cdot$ Various results on the size of circle
packings are summarized in Fejes T\’oth [9].
The algorithm is formally described below. It
uses the Voronoi diagraln of the current point set
to select the next point to be inserted. We $\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{U}\mathrm{n}\mathrm{l}(’$
familiarity with the basic $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{e}\lrcorner \mathrm{r}\mathrm{t}\mathrm{i}\mathrm{e}\mathrm{s}$ of a Voronoi
diagram and its dual, the Delaunav triallgulation.
and refer to the survey paper [1].
Algorithm INSERT
Step 1: Initialize $S:=\emptyset$ .
Step2: Compute the Voronoi diagram $\mathrm{V}_{0}\mathrm{r}(V\mathrm{U}6’)$
of $V1_{-}\mathrm{J}S$ .
Step 3: Find the set $B$ of intersection points $\mathrm{b}_{\mathrm{C}^{\llcorner}}$
tween edges of $\mathrm{V}_{\mathrm{o}\mathrm{r}}(V\cup S)$ and the boundary of
$P$ . Among the points in $B$ and the vertices of
Vor $(V\mathrm{U}S)$ inside $P$ , choose the point $u$ whicll
maximizes $l(u, V\cup S)$ .
Step 4: Put $S:=S\cup\{\tau\iota\}$ and return to Step 2 if
$|S|<n$ .
Let $p_{j}$ and $S_{j}$ , respectively, denote the point cho-
sen in Step 3 and the set obtained in Step 4 at the
j-th iteration of the algorithm. For an arbitrary
point $x\in P$ define the weight of $x$ with respe$(\uparrow$
to $S_{j}$ as $w_{j}(x)=l(x, S_{j}\cup V)$ . That is. $w_{j}(x)$ is
the radius of the largest circle centered at $x$ which
does not en($.1\mathrm{o}\mathrm{S}\mathrm{e}$ any $1$) $\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}$ from $S_{j}\cup V$ . By defini-
tioll of a Voronoi diagram, the point $p_{j}$ maximizes
$u_{j-1})(x)$ over all $x\in P$ . Let
$d_{7)}=l(S_{71^{\cup V,s_{n}}}\cup V)$ (1)
be the minilnum interpoint distance realized by
$6_{7l}^{\gamma}\cup V$ . Furthermore, denote by $S_{n}^{*}$ the optimal so-
lution for the extreme packing problem for $P$ and
let ($f_{\gamma 1}^{*}$ dellote the corresponding objective value.
Th$(^{1}$ following approximation result might be of
int $(^{\mathrm{y}}\mathrm{r}\mathrm{e}\iota \mathrm{b}\mathrm{t}$ in its own right. Its proof is an adaptation
of $\mathrm{t}_{\mathrm{t}^{\mathrm{Y}}(}\cdot 1_{1\mathrm{n}\mathrm{i}}\mathrm{q}\mathrm{t}1\$ in $[10, 8]$ and contains observations
tll.d $\mathrm{f}$ will $\mathrm{t}$) $(^{\iota}$ used in our further analysis.
Theorem 1 The solution $S_{n}$ obtained by Algo-
ritlmb INSERT is a 2-approximation of the ex-
trwne $pack?n_{\mathit{9}}$ proble$7n$ for P. That is, $d_{n}\geq d_{n}^{*}/2$ .
$\mathrm{p}_{\mathrm{I}\mathfrak{i}\mathrm{o}\mathrm{O}}\iota(\backslash$. We $\mathrm{c}\cdot \mathrm{l}\mathrm{a}\mathrm{i}\mathrm{m}$ that $p_{n}$ realizes the minimum
(non-zero) distallce from $S_{n}$ to $S_{n}\cup V$ . Equiva-
lently, the $\mathrm{c}\cdot 1\mathrm{f}\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{l}$ is
$\iota v_{n-1}(p_{7},)=l(S_{n}, S_{n}\gamma\cup V)$ . (2)
To see this. assume that the minimum distance
is $\mathrm{r}\langle^{\backslash }\mathrm{a}\mathrm{l}\mathrm{i}_{\mathrm{Z}\mathrm{e}\mathrm{d}}$ by points $p_{k}$ and $p_{j}$ different from $p_{n}$ .
$\mathrm{W}\mathrm{i}\mathrm{t}1_{1}\mathrm{t})\mathrm{u}\mathrm{t}\mathrm{l}\mathrm{o}_{\mathrm{c}}\mathrm{b}\mathrm{b}$ of generality, let $p_{k}$ be inserted af-
ter $p_{j}$ by the algorithnl. Then we get $w_{k-1()}pk\leq$
$l(p_{\mathrm{A}}.p_{j})<l(p_{n}, 6_{n}^{\gamma}-1\cup V)=w_{n-1}(p_{n})$ . On the
otller hand. the sequence of weights chosen by the
algorithnl llmst }) $\mathrm{e}$ non-increasing. More exactly,
$u)h-1(p_{k})\geq u)k-1(p_{7}\downarrow)\geq w_{n-1}(p_{n})$ . This is a con-
tradiction.
Froln tlle trivial observations $d_{n}$ $=$
lnill $\{l(s7\}’ 6_{7}^{\gamma},$ $\cup V),$ $l(V, V)\}$ and $l(V, V)\geq d_{n}^{*}\geq d_{n}$
we $11\mathrm{t}$ )$\mathrm{W}$ get $d_{7l}= \min\{w_{n-1}(p_{n}), d_{n}*\}$ by (2). As
$p_{n}$ lllaximizes $w_{n-1}(x)$ for all points $x\in P$ , the
lelllllla below completes t,he proof of the theorem.
$\mathbb{E}$
Lemma 1 For any set $S\subset P$ of $n-1$ points
th $‘’ 7^{\cdot}$‘ exists a point $x\in P$ with $l(x, S\cup V)\geq d_{n}^{*}/2$ .
$\mathrm{P}\mathrm{R}\mathrm{t})\langle$
$)\mathrm{F}\urcorner$ . Suppose that the lemma is not true.
$\mathrm{T}11^{\backslash }‘ 11$ the $\mathrm{I}$) $\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}x\in P$ farthest from $S$ satisfies
$l(x.S\cup V)<d_{n}^{*}/2$ . (3)
Let 7 be the value of the left-hand side of (3). For
$\mathrm{e}\mathrm{a}\mathrm{c}\cdot 1\}\mathrm{I})\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}p\in S\cup V$ draw a circle centered at $p$
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with radius $r+\epsilon$ , where $\epsilon$ is a sufficiently small
positive number that satisfies $r+\epsilon<d_{n}^{*}/2$ . The
union of these circles covers the whole area of $P$ as
each uncovered point would be farther from $S\cup V$
than is $x$ . On the other hand, one of these circles
must cover two points of $S_{n}^{*}\mathrm{U}V$ , as the number of
points in this set is by one larger than the number
of circles. The distance between these two points
is at most $2(r+\epsilon)$ , which is less than $d_{n}^{*}$ by (3).
This contradicts the definition of $d_{n}^{*}$ . $\square$ ]
3 Delaunay Triangulation of
Bounded Edge Ratio
Our aim is to show that Algorithm INSERT is
capable of producing a point set appropriate for
Problems 1, 2, and 3. To this end, we first ill-
vestigate the Delaunay triangulation $\mathrm{D}\mathrm{T}(S_{n}\cup V)$
of $\mathit{0}_{n}^{c^{\gamma}}\cup V.$ $\mathrm{r}_{\mathrm{I}^{\urcorner}\mathrm{h}\mathrm{i}\mathrm{s}}$ triangulation is implicitly coll-
structed by the algoritlmi, as being the dual struc-
ture of Vor $(Sn\cup V)$ . However, $\mathrm{D}\mathrm{T}(S_{n}\cup V)$ need
nor exhibit good edge $1\mathrm{e}\mathrm{n}\mathrm{g}\mathrm{t}_{J}\mathrm{h}$ properties. We
therefore prescribe the $1$) $\mathrm{l}\mathrm{a}\mathrm{c}\mathrm{e}\mathrm{m}\mathrm{e}\mathrm{n}\mathrm{t}$ of the first $k$ in-
serted points, and show that Algorithnl $\mathrm{I}\mathrm{N}\mathrm{S}\mathrm{E}\mathrm{R}^{\Gamma}1^{\urcorner}$
completes them to a set of $n$ points whose Delau-
nay triangulation has its edge lengths controlled
by the minimum interpoillt distance $d_{n}$ for $S_{n}\cup V$ .
For 1 $\leq j\leq n$ , consider the triallgulatio)ll
$\mathrm{D}\mathrm{T}(,\mathrm{S}_{j}\cup V)$ . Let us classify a triangles $\Delta$ of
$\mathrm{D}\mathrm{T}(_{\backslash }6_{j}^{\gamma}\cup V)$ as either critical or non-critical, de-
pellding on whether the Voronoi vertex dual to
$\triangle$ (i.e., the circumcenter of $\triangle$ ) lies outside of the
polygon $P$ or not. Whereas edges of critical tri-
angles can be arbitrarily long, edge lengths ar$‘ \mathrm{Y}$
bounded in non-critical triangles.
Lemma 2 No edge $e$ of a non-critical triangle $\triangle$
of $DT(S_{j}\cup V)$ is longer than 2 $\cdot u\prime j-1(p_{j})$ .
PROOF. Let $e=(p, q)$ and denote with $x\mathrm{t}1_{1}\mathrm{e}$
Voronoi vertex dual to $\Delta$ . As $x$ lies inside of $P$ , we
get $l(\prime x,p)=l(x, q)=u_{j-1})(x)\leq w_{j-1}(p_{j})$ , by the
choice of point $p_{j}$ in Step 3 of Algorithm INSERT.
The triangle inequality now implies $l(p, q)\leq 2$ .
$w_{j-1}(pj)$ . $\Xi$]
We make an observation on critical $\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{a}\mathrm{n}\mathrm{g}1_{\Re_{\Lambda}}$.
Consider some cdge $e$ of $\mathrm{D}\mathrm{T}(s_{j}\cup V)$ on the bound-
ary of $P$ . Edge $e$ cuts off some part of the diagram
Vor $(s_{j}^{\gamma}\cup V)$ that is outside of $P$ . If that part con-
$\mathrm{t}\mathrm{a}\mathrm{i}_{11_{\backslash }}\backslash$ Vorolloi vertices then we define the critical
$re_{f^{\prime in}}(O, R(e)$ , for $e$ as the union of all the (critical)
triallgles that are dual to these vertices. Notice
that each critical triangle of $\mathrm{D}\mathrm{T}(S_{j}\cup V)$ belongs
to a unique critical region.
Lemma 3 No edge $f$ of a $criti_{Ca}.l$ triangle in $R(e)$
$i.\mathrm{s}$ longer than $l(e)$ .
$\mathrm{P}\iota)\mathrm{O}\mathrm{p}$ . Let $p$ be an endpoint of $f$ . Then the
region of $p$ in $\mathrm{V}_{0}\mathrm{r}(sj\mathrm{u}V)$ intersects $e$ . Let $x$ be
a $1$){ $)\mathrm{i}\mathrm{n}\mathrm{t}$ in this region but outside of $P$ . There
is a circle around $x$ that encloses $p$ but does not
$\mathrm{e}\mathrm{n}\mathrm{c}\cdot 1()\mathrm{i}\supset’ \mathrm{e}$ any endpoint of $e$ . Within $P$ , this circle is
$\mathrm{C}\mathrm{O}1111^{1})e\mathrm{Y}\mathrm{t}\mathrm{e}\mathrm{l}\mathrm{y}$ covered by the circle $C$ with $\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{m}\mathrm{e}_{\mathrm{t}\mathrm{e}},\mathrm{r}$
$e$ . $\gamma 1^{1}\mathrm{h}\mathrm{i}\mathrm{s}\mathrm{i}\iota \mathrm{u}_{\mathrm{I})}1\mathrm{i}\mathrm{e}\mathrm{S}$ that $p$ lies in $C$ . As the distance
$1)\mathrm{e}\mathrm{f}_{1\wp}\mathrm{e}\mathrm{n}$ ally two points in $C_{\text{ }}$ is at most $l(e)$ , we
get $/(f)\leq l$ (“). $\mathrm{E}$
Let u.s further distingllisll between intenor tri-
$\mathrm{a}\mathrm{n}\mathrm{g}^{]_{(^{\}}}}\llcorner \mathrm{b}^{\mathrm{t}}$ alld non-interior ones, the former type
$11\mathrm{a}\mathrm{V}\mathrm{i}_{1}$ no two endpoints on the boundary of $P$ .
The $\mathrm{k}\aleph \mathrm{h}\mathrm{o}\mathrm{r}\mathrm{t}\ \mathrm{t}$ edge of an interior triangle can be
bounded as follows.
Lemma 4 $Eo,ch$ ed.qe $e$ of an interior triangle $\Delta$
$()fDT(sj\cup V)$ has a length of at least $u$)$j-1(p_{j})$ .
$\mathrm{P}\mathrm{r}\backslash ()()\iota^{\backslash }.$ . We have $l(e)\geq l(s_{j}, s_{j}\cup V)$ , because $\triangle$
has 110 two elldpoints on $P’ \mathrm{s}$ boundary. But from
(2) we know $l(s_{j}, s_{j}\cup V)=u\prime_{j-1}(pj)$ . $\mathrm{E}$
We are llow ready to show how a triangulation
witll edge lellgths related to $d_{n}$ can be computed.
First. Algorithm INSERT is run on $P$ , in order
to $(\langle)\mathrm{n}\mathrm{l}\mathrm{p}\mathrm{U}\mathrm{t}\mathrm{e}$ tlle value $d_{n}$ . We assulne than $n$ is
($i\mathrm{h}_{\mathrm{t}_{\iota}\wp 11}$ sufficently large to assure $d_{n}\leq l(V, V)/2$ .
$\mathrm{T}11\mathrm{i}_{\backslash }*$ assulllption is not unnatural as the short-
est edge of the desired triangulation cannot be
lollger than the shortest edge of $P$ . After hav-
ing $\mathrm{c}f_{n}$ available, $k$ points $p_{1}’,$ $\ldots,p_{k}’$ are placed on
the boundary of $P$ , with consecutive distances be-
tween $2\cdot d_{n}$ and $3\cdot d_{n}$ . and such that $t(V’, V’)\geq d_{n}$
$\mathrm{h}o1\mathrm{t}1.\mathrm{b}^{\urcorner}$. for $V’=V\cup\{p_{1}’\ldots.,p_{k}’\}$ . Notice that such
a placement is always possible. Finally, $n-k$ ad-
ditional points $p_{k+1}’,$ $\ldots,p’n$ are produced by re-
$\mathrm{r}\mathrm{t}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{g}$ Algorithm INSERT after this placement.
For $1\leq j\leq n$ , let $S_{j}’=\{p_{1}’, \ldots,p_{j}\}’$ . Define
$¿_{J}’(.’\cdot)=l(x.S_{n}’\cup V)$ for a point $x\in P$ . The value
of $n’(p_{n}’)$ will turn out to be crucial for analyz-
ing $\mathrm{t}1_{1}\mathrm{e}$ edge length behavior of the triangulation
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$\mathrm{D}\mathrm{T}(^{\zeta^{\prime;},\cup}nV)$ . The lemma below asserts that $w(p_{7l}’)$
is small if $7b$ exceeds twice the nulnber $k$ of pre-
scribed points.
Lemma 5 Suppose $n\geq 2k$ . Then $v$) $(p_{n}’)\leq 3\cdot d_{71}$ .
PROOF. The point set $S_{n}$ produced by Algorithm
INSERT in the first run is large enough $\mathrm{t}_{\{}\mathrm{o}$ ensure
$d_{n}<l(V, V)$ . So we get $d_{n}=w_{n-1}(p_{n})$ from (2).
As point $p_{n}$ maximizes $w_{n-1(X)}$ for all $x\in P$ , th‘1
$n+|V|$ circles centered at the points in $S_{n}\cup \mathrm{V}^{r}$
and with radii $d_{n}$ completely cover the polygoll
$P$ . Let $d_{n}=1$ for the moment. Then
$A(P)\leq\pi(7l+|V|)-A’$ (4)
where $A(P)$ is the area of $P$ , and $A’$ dellotes $\mathrm{t}\mathrm{h}\mathrm{e}^{\backslash }$
area outside of $P$ which is covered by tlle circles
centered at $V$ .
Assume now $?\mathit{1}$) $(\mathrm{P}_{n}’)>3\cdot d_{n}$ . Draw a circle witll
radius $\frac{3}{2}d_{n}$ aroulld each point in $6_{7\iota}^{\gamma\prime}\backslash 6_{k}’’$ . $\mathrm{S}\mathrm{i}11\mathrm{e}\cdot \mathrm{t}^{1}$
$w(p_{n}’)=l(S_{n}^{J}\backslash S_{k’ n}’S’\cup V)$ by (2), these $\mathrm{c}\mathrm{i}\mathrm{r}\mathrm{c}\cdot 1_{\Re}n$ are
pairwise disjoint. By the same reason. and $\mathrm{b}\mathrm{t}^{\backslash }-$
cause boundary distances defined by $V’=V\cup‘ \mathrm{S}_{\mathrm{A}}^{t\prime}$ .
are at most 3 $\cdot d_{n},$ $\mathrm{t}_{\mathrm{a}}\mathrm{h}\mathrm{e}\mathrm{s}\uparrow \mathrm{e}$ circles all lie completelv
inside $P$ . Obviously, these circles are also dis-
joint from the $|V|$ circles of radius $d_{n}$ centered at
$\mathcal{V}^{\cdot}$ . Finally, the latter circles are pairwise disjoint,
since $d_{n}\leq l(V, V)/2$ . Consequently,
$A(P)’ \geq\frac{9}{4}\pi(n-k)+A^{\prime;}$ $(_{\mathrm{c})}^{\ulcorner})$
where $A”$ denotes the area inside of $P$ which $\mathrm{i}\llcorner\backslash$
covered by the circles centered at V. $\mathrm{c}_{(\ln}\mathrm{b}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{g}$
(4) and (5), and observing $A’+A”=\pi\cdot|V|$ now
implies $n<2k$ , a contradiction. $\mathrm{B}\rfloor$
It has to be observed that the number $k$ depends
on $n$ . The following fact guarantees the $\mathrm{a}\mathrm{s}\mathrm{s}\mathrm{U}\mathrm{n}$ ) $\mathrm{I}^{)-}$
iion in Lemnla 5, provided $n$ is sufficently large.
Let $B(P)$ denote the perimeter of $P$ .
Lemma 6 The condition $d_{n}\leq A(P)/(\pi\cdot B(P))$
implies $n\geq 2k$ .
PROOF. From (4) we obtain
$n \geq\frac{A(P)}{\pi\cdot(d_{n})^{2}}-|V|$ .
To get a bound on $k$ , observe that at most
$l(e)/2d_{n}-1$ points are placed on each edge $e$ of
$P$ . This sums up to
$k \leq\frac{B(P)}{2d_{\mathit{7}1}}-|V|$ .
$\mathrm{S}\mathrm{i}_{111}1)1\mathrm{e}$ calculations now show that the condition
on ($f_{1}$, stated in the lenrma implies $7t\geq 2k$ . El
Theorem 2 Suppose $n$ is large enough to assure
th$‘(()rbditionsd_{n}\leq l(V, V)/2$ and $d_{n}\leq A(P)/(\pi\cdot$
$B(P))$ . Then no edge in the $t_{\dot{\mathcal{H}}an}gulationT+=$
$D^{r}l’(S_{n}’\cup V)$ is longer than 6 $\cdot d_{n}$ . Moreover, $T^{+}$
exhibits $a71$ edge length ratio of 6.
$\mathrm{P}\mathrm{R}\mathrm{O}\mathrm{o}\mathrm{p}^{\urcorner}$ . $r_{l^{\backslash }\mathrm{w}\mathrm{o}}$ cases are distinguished, according
to the value of $u$) $(p_{n}’)$ .
$\mathrm{C}^{\tau_{*}}\Re 1:?l’(p_{n}’)<d_{n}$ . Concerning upper bounds,
Lelllllla 2 ilnplies $l(e)\leq 2\cdot u)(p’n)<2\cdot d_{n}$ for all
$\mathrm{e}\mathrm{d}\mathrm{g}^{\mathrm{Y}}‘ \mathrm{S}c$ belollging to non-critical triangles of $T^{+}$ .
If ‘ $\}_{)\mathrm{e}}1_{\mathrm{o}\mathrm{n}}\mathrm{g}_{\mathrm{S}}$ to some critical triangle, Lemnla 3
$\mathrm{s}\mathrm{h}_{\mathrm{o}\mathrm{W}}‘\backslash$ that $l(c)$ cannot be larger than the maxi-
lmlln edge lellgth on the boundary of $P$ , which is
at $11101\wedge \mathrm{t}3\cdot d_{\gamma}$ , by construction. Concerning lower
boltllcks, Lenlnla 4 gives $l(e)\geq w(p_{n}’)$ for edges
of interior triangles. We know $w(p_{7}’\iota)\geq d_{n}^{*}/2$
froln Lennlla 1. which implies $l(e)\geq d_{n}/2$ because
$d_{n}^{*}\geq d_{n}.$ . For edges spanned by $V’$ , we trivially
obtaill $l(e)\geq d_{n}$ as $l(V’.V’)\geq d_{n}$ by construc-
$\mathrm{t}\mathrm{i}_{011}$ .
$\mathfrak{c}_{\mathrm{a}\mathrm{s}\mathrm{e}}^{\mathrm{t}}2:/lJ(p^{f}n)\geq d_{71}$ . The upper bound 2 $\cdot$ $w(p_{n}’)$
for $1\mathrm{l}\mathrm{O}\mathrm{l}\mathrm{l}-\mathrm{t}\cdot \mathrm{r}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{c}\mathrm{a}\mathrm{l}$ triangles now gives $l(e)\leq 6\cdot d_{n}$ ,
due to Lenlnlas 5 and 6. The lower bound for in-
$\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{i}_{\mathrm{t}})\mathrm{r}$ triallgles becomes $l(e)\geq w(p_{n})’\geq d_{n}$ . The
reniaining two bounds are the same as in the for-
mer $(_{C}‘ \mathrm{l}_{c}\mathrm{s}\mathrm{e}.$ $\Xi]$
’llle tinle complexity of computing the triangu-
latiou $T^{+}$ is donlinated by the runtime of Algo-
ritllnl INSERT. Let us see llow fast this algorithm
can be implemented.
It is sufficiellt to consider Steps 2 and 3. In the
verv first it.eration of the algorithm, both steps
call be accolnplished in $O(|V|\log|V|)$ tirne. In
each furtller iteration.$j$ we update the current
Vorolloi diagranl under the insertion of a new
poillt $p_{j}$ in St, $\mathrm{e}_{\mathrm{I}^{)}}2$ , as well as a set of weights for
thc Voronoi vertices and relevant polygon bound-
ary poillts in Step 3.
$\mathrm{C}^{\mathrm{t}}\mathrm{t})11\mathrm{b}^{\mathrm{t}}\mathrm{i}\mathrm{d}\mathrm{e}\mathrm{r}$ Step 2. Since we already know the lo-
catioll of the new point $p_{j}$ in the current Voronoi
$\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{s}^{r}1^{\cdot}\mathrm{a}\mathrm{m}$, the region of $p_{j}$ in the updated dia-
$\mathrm{g}\mathrm{r}\mathrm{c}‘\backslash 1\iota 1$ can be integrated in time proportional to
the number of edges of this region. This num-
$\mathrm{b}\mathrm{e}\mathrm{l}$ . ib the degree of $p_{j}$ in the resulting Delaunay
triallgulatioll. $\deg(p_{j})$ .
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In Step 3 we need to assign the current weigllt
$w(u)$ to eadl new Voronoi vertex or boulldary ill-
tersection point $u$ . Clearly $w(u)$ can be $\mathrm{d}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{l}\cdot-$
mined in constant time by calculating the radius
of the corresponding elnpty circle. The current
set of weights is organized in some priority queue.
When processing the point $p_{j}$ we need to insert
and delete $O(\deg(pj))$ weights, and then select the
laigest one in the next iteration. This gives a run-
time of $O(\deg(pj) . \log(j+|V|))$ for updating the
weights, and thus dominates Step 2.
The following lemma bounds the number of
constructed triangles, of a certain type. Let us
call a triangle good if it is both interior alld noll-
critical.
Lemma 7 The insertion of each point $p_{j}cre,att$) $.\backslash$
only a constant number of good tnangle.$\backslash \cdot$ .
PROOF. Consider the endpoints of all good trian-
$.\sigma 1\mathrm{e}\mathrm{s}\lrcorner^{-}$ incident to $p_{j}$ in $\mathrm{D}\mathrm{T}(S_{j}\cup V)$ . and let $X$ be
the set of a1I such endpoints interior to P. Thell
$l_{(}’X.X)\geq l(S_{j}.S_{j})\geq u)j-1(pj)$ , due t,o (2). $()_{11}$
the other halld, by Lemma 2, $X$ lies in the circle of
radius 2 $\cdot w_{j-1}(p_{j}$ I around $p_{j}$ . As a collsequence.
$|X|$ is $\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}\mathfrak{l}$ . The number of good triangles
incident to $p_{j}$ is at most 2 $\cdot|X|$ , as one such $\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{a}11^{-}$




For most choices of $P$ and $n$ , the good triangle
type will be most frequent. This is supported $\}_{)}\mathrm{y}$
the following fact.




’ and let $q$ be any endpoint of $\triangle$ . The normal
distance of $qfro7n$ the boundary of $P$ is at $7no.\mathrm{s}f$
$w_{j-1}(pj)$ .
PROOF. As $\triangle$ is critical, there is an edge of the
region of $q$ in Vor $(Sj\cup V)$ which $\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\Gamma\llcorner$ }$\zeta \mathrm{e}\mathrm{c}\mathrm{t}_{\mathrm{S}}\mathrm{t}11()$
boundary of $P$ . Consider $\mathrm{s}\mathrm{u}\mathrm{d}_{1}$ an illtersectioll
point $x$ . We have $l(q, x)=w_{j-1}(x)\leq w_{j-1}(p_{j})$ ,
from the way $p_{j}$ is selected by Algorithm $\mathrm{I}\mathrm{N}\mathrm{S}\mathrm{E}\mathrm{R}^{\ulcorner}l^{\mathrm{t}}$ .
On the other hand, the normal distance of $q\mathrm{f}\mathrm{r}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{l}$
$\mathrm{t}_{)}\mathrm{h}\mathrm{e}$ boundary of $P$ cannot be larger than $l(q, x)$ .
$\xi 3\lrcorner$
The number of critical or non-interior triangles in-
cident to $p_{j}$ in $\mathrm{D}\mathrm{T}(s_{j}\cup V)$ might be high, however.
Still, the degree of each point, in the final triangu-
lation $T^{+}$ is constant, as the longest edge in $I^{\gamma}$ \dagger
is $1$ ) $()11\iota \mathrm{l}\mathrm{d}\mathrm{e}\mathrm{d}$ by a constant multiple of the respec-
$\mathrm{t}\mathrm{i}\mathrm{v}^{i}‘ \mathrm{n}\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{i}_{1}1111111\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}_{1^{)}}()\mathrm{i}\mathrm{n}\mathrm{t}$ distance (which equals
the sllortest edge length in $T^{+}$ because $T^{+}$ is De-
laullay).
Ill conclusion. we obtain a runtime bound of
$O(’\prime^{2}‘\log n)$ and a space complexit.$\mathrm{Y}$ of $O(n)$ . How-
$\mathrm{e}\mathrm{v}\epsilon^{\mathrm{y}}1^{\cdot}$ , Lemnlas 7 and 8 suggest a runtime of
$O(1()\mathrm{g}n)$ in lnost iterations.
$(^{\tau}\mathrm{o}\mathrm{I}\mathrm{l}\mathrm{c}\mathrm{e}\mathrm{r}\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{g}$ the choice of $n$ , Theorem 2 may
hold for $\mathrm{m}\mathrm{t}\mathrm{l}(\mathrm{h}$ smaller values of $n$ than is required
by the sufficient condition $d_{n}\leq l(V, V)/2$ and
$d_{n}\leq A(P)/(\pi\cdot B(P))$ . In a particular applica-
tioll, this calh be tested efficiently, by repeatedly
$\mathrm{d}\mathrm{o}\iota \mathrm{l}\mathrm{t})\mathrm{l}\mathrm{i}\mathrm{n}\mathrm{g}$ tlle dlosen value of $n$ and each time ex-
anlillillg the edge lengths in $T^{+}$ .
4 $\mathrm{A}_{\mathrm{P}\mathrm{p}\mathrm{x}}\mathrm{r}\mathrm{o}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{i}0\mathrm{n}$ Results
Let $11_{\mathrm{t}}\wedge \mathrm{n}\mathrm{o}\mathrm{w}$ return to the $\mathrm{t}\mathrm{h}\mathrm{r}\mathrm{e}_{J}\mathrm{e}$ optimization $\mathrm{I}$)$\mathrm{r}\mathrm{o}\mathrm{b}-$
$1\mathrm{e}\mathrm{n}1_{}\mathrm{b}$ for the $1$ ) $(1.\mathrm{y}\mathrm{g}\mathrm{o}\mathrm{n}P\mathrm{I})\mathrm{o}\mathrm{s}\mathrm{e}\mathrm{d}$ in the introduction.
We will rely on Theorem 2 in the following. Re-
call that, ill order to make the theorem hold, we
have to choose $n$ sufficiently large.
Theorem 3 The $t\dot{n}angulat_{\dot{i}O}n\tau+apP^{rox}\dot{i}mates$
th $‘$’ optimal solution for Problem 1 by a factor of
6.
$\mathrm{p}_{1\backslash ()()}\mathrm{r}^{1},$ . $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}_{\lrcorner}\mathrm{n}\mathrm{l}2$ guarantees for $T^{+}$ an edge
$1\mathrm{e}\mathrm{n}_{\triangleright^{\mathrm{t}1_{1}}}()$ ratio of 6, alld for 110 triangulation this
ratio can be smaller than 1. $\Xi$]
We llow turll our attention to Problem 2. Let
the $1$ ) $\mathrm{o}\mathrm{i}_{11}\mathrm{t}$ set $\tilde{S}$ in $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{j}\mathrm{u}\mathrm{n}\mathrm{C}\mathrm{t}\mathrm{i}_{0}11$ with the triangu-
lati $()11\tilde{T}$ of $\tilde{S}\cup V$ be the corresponding optimum
$\mathrm{b}^{\urcorner}\mathrm{o}1\iota 1\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ . Let $d_{lon_{\mathit{9}}}$ denote the optimum objective
value. that is, $d_{long}$ measures the longest edge in
$\tilde{T}$ . $\mathrm{I}^{\urcorner}1_{1\mathrm{e}}$ lenlma bel$o\mathrm{w}$ relates $d_{long}$ to the optimum
$\mathrm{v}\mathrm{a}1\iota\iota \mathrm{e}\backslash d_{n}*\mathrm{f}\mathrm{c})\mathrm{r}$ tlle extreme packing problem for $P$ .
Lemma 9
$d_{long} \geq\frac{\sqrt{3}}{2}d_{n}^{*}$ .
$\mathrm{P}\mathrm{E}()()\mathrm{F}$ . Suppose the lemma is not true. Let $r—$
$\tau_{3^{\prime f}}^{1}/mg$ . For each point $p\in\tilde{S}\cup V$ draw a circle
$\mathrm{w}\mathrm{i}\mathrm{t}1_{1}$ radius $r$ around $p$ . Let $\tilde{C}$ denote the set of
th$‘ 1\wp_{\backslash }$ circles. For each triangle $\Delta$ of $\tilde{T}$ its area is
erltirely covered by the circles of $\tilde{C}$ centered at its
tllree endpoints. This is because$\cdot$ the maximum
$\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}_{\mathrm{d}}\mathrm{J}\mathrm{l}\mathrm{c}\mathrm{e}$ from a point within $\Delta$ to its endpoints is
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at most $1/\sqrt{3}$ times the length of its longest edge.
So $\tilde{C}$ entirely covers the area of $P$ .
Next, consider the optimal solution $6_{7l}^{\gamma*}$ for the
extreme packing problem. Again, around eacll
point in $S_{n^{\cup V}}^{*}$ draw a circle with radius $r$ . Let $C^{*}$
be the resulting set of circles. Circles in $C^{*}$ neither
overlap nor touch each other since $r<d_{n}^{*}/2$ holds
by our assumption that the lemma is false. So $C^{*}$
does not entirely cover the area of $P$ .
Let $Q$ be the convex hull of $\tilde{C}$ (and thlls of
$C^{*})$ . We now consider what happens ill the $\mathrm{r}\mathrm{t}$ ) $-$
gion $Q\backslash P$ . Let $e$ be an arbitrary edge of $P$ .
and let $R$ denote the rectangle spanned by $e$ and
the boundary edge of $Q$ parallel to $e$ . Since $P$
is $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{v}\mathrm{e}\mathrm{x}_{\mathit{1}}$. these rectangles are mutually disjoint.
For edge $e$ we have $\frac{2}{\sqrt{3}}d_{lmg}<d_{n}^{*}\leq l(e)$ . So there
must exist points from $\tilde{S}$ on $e$ such that the $\mathrm{d}\mathrm{i}_{\mathrm{b}}$.-
tance $\mathrm{b}\mathrm{e}\mathrm{t}_{\mathrm{W}\mathrm{e}\mathrm{e}}\lrcorner \mathrm{n}$consecutive points is at nlost $d_{l_{\mathit{0}71}}(’$ .
Their number is at least, $\lceil l(e)/d_{lon_{\wedge}g}\rceil-1$ . Conse-
quently, the lluniber of circles of $C$ whose centers
are on $e$, is at least $\lceil l(e)/d\iota_{onq}\rceil\dashv- 1$ . As tllese cir-
cles overlap if their centers are neighbored on $\epsilon$ .
the area of $R$ covered by circles of $\tilde{C}$ satisfies
$\tilde{R}>\frac{\pi\cdot(d_{long})^{2}}{6}$ . $\lceil l(e)/d_{lg}on1$ . (6)
On the other hand, we claim that the nunl-
ber of circles of $C^{*}$ that $\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{e}\mathrm{c}\mathrm{t}_{j}e$ is at $\mathrm{n}\mathrm{l}\mathrm{O}_{1}\mathrm{b}\mathrm{t}$
$\lceil ll.e_{\text{ }}]/d_{lon}\rceil g+1$ . Let $q_{1},$ $\ldots,$ $q_{h}$ be tlle verti-
cal projections of their centers $p_{1},$ $\ldots,p_{h}$ onto $\mathrm{f}$ ’
$\langle/_{\mathrm{i}\mathrm{n}}$ consecutive order). Consider the two circleY.s
$C_{i},$ $C_{i+1}\in C^{*}$ around $p|$. and $p_{i+1}$ , respectively:
see Figure 1.
Since $C_{i}’$ and $C_{I+}^{\gamma}\perp$ are disjoint, we have
$l(p_{i},pi+1)> \frac{2}{\sqrt{3}}d_{l_{on}g}$ . (7)
$\mathrm{T}\mathrm{h}\iota\iota.\backslash$ . fronl (6) and (9). $R^{*}<\tilde{R}$ follows.
We conclude that the total area covered by $C^{*}$
is $1\mathrm{e}^{\iota}.\mathrm{s}\mathrm{b}$ than the total area covered by $\tilde{C}$ . But this is
a ( $.$ ( $\rangle 1\mathrm{l}\mathrm{f}\mathrm{l}\cdot \mathrm{a}\mathrm{d}\mathrm{i}\mathrm{C}\mathrm{t}\mathrm{i}(\mathrm{n}$ because the cardinalities of these
sets are the saIne, and circles in $\tilde{C}$ overlap whereas
cirt lecs‘ in $C^{*}$ do not. Hl
We strongly conjecture that the statement of
$\mathrm{L}\mathrm{e}\mathrm{l}\mathrm{l}\downarrow \mathrm{l}\mathrm{n}\mathrm{a}9$ can be strengthened to $d_{long}\geq d_{n}^{*}$ ,
$\mathrm{w}\mathrm{h}\mathrm{i}(.1_{1}$ will improve the approxinlation ratio in
Theorems 4 and 5 below.
Theorem 4 The $t\dot{n}angulati_{on}T^{+}$ constitutes a
$4\sqrt{\}}approXi7natton$ for Problem 2.
PROOF. Let $\mathrm{e}_{\max}^{\mathit{2}}$ denote the longest edge in $T^{+}$ .
By $r\Gamma \mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\ln 2$ we have $l(e_{\max})\leq 6\cdot d_{7l}$ . Trivially
$d,,$ $\leq d_{n}^{*}\mathrm{h}\mathrm{o}1_{\mathrm{t}}1\mathrm{s}$ , and Lenlma 9 implies the theorem,
$l((_{1\mathrm{I}\iota\{\mathrm{X}}’‘)/d_{l}()’)q\leq 4\sqrt{3}$ . $\mathrm{E}$
Fillally let us $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{i}(\mathrm{l}\mathrm{e}\mathrm{l}\cdot$ Problenl 3. Let $d_{peri}$ de-
not $(^{1}$ the $(\mathrm{I})\mathrm{t}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{u}\mathrm{m}$ objective value for this $\mathrm{p}\mathrm{r}o$b-
lelll. We sllow the following:
Theorem 5 The triangulation $T^{+}$ gives a $6\sqrt{3}-$
appro.rimatio71 for Problem 3.
$\mathrm{p}_{\mathrm{f}\{(})(\mathrm{F}$ . For any triangulation of $P$ with $n$ Steiner
poillts. its lollgest edge cannot be shorter than
$\frac{\sqrt\overline{\backslash 3}}{2}\cdot/l^{*},$, by Lelnma 9. This implies $d_{peri}\geq\sqrt{3}\cdot d_{n}^{*}$ by
the triangle $\mathrm{i}11\mathrm{e}\mathrm{q}_{\mathrm{U}\mathrm{a}}1\mathrm{i}\mathrm{t}\mathrm{y}$ . On the otller hand, for the
$1\mathrm{o}\mathrm{n}("’(^{1}\mathrm{b}\mathrm{t}$ edge $c_{\max}$ of $T^{+}$ we have $l(e_{\max})\leq 6\cdot d_{n}^{*}$
due to Theorem 2. The longest triangle perimeter
$\delta_{m},,$ , that $\mathrm{o}\mathrm{c}(\mathrm{u}\mathrm{r}\mathrm{s}$ in $\mathrm{z}\urcorner+\mathrm{i}\mathrm{s}$ at lnost 3 $\cdot l(e_{\max})$ . In
$\mathrm{s}\mathrm{u}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}\iota \mathrm{a}\mathrm{r}\mathrm{y}$. $\delta_{7\mathfrak{n}(\lambda x}/d_{peri}\leq 6\cdot\sqrt{3}$ . $\mathrm{E}$
$ll^{r}‘\supset(.\mathrm{o}\mathrm{n}\mathrm{c}\cdot 1\iota 1\mathrm{d}\mathrm{e}$ this section by mentioning an ap-
proximatioll result concerning minimum-weight
$\mathrm{t}\mathrm{r}\mathrm{i}(‘ \mathrm{i}\mathrm{l}\mathrm{l}\mathrm{g}\mathrm{l}\iota \mathrm{l}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{s}$ .
Both $C_{i}$ and $C_{i+1}$ intersect $e$ hence
$|l(pi \cdot qi)-l(pi+1\cdot q_{i}+1)|\leq\frac{1}{\sqrt{3}}d_{lo7\mathrm{t}}\mathit{9}^{\cdot}$ (8)
With (7) and (8), the Pythagorean theorem $\mathrm{i}_{111}-$
plies
$l(q_{i}, qi+1)>d_{l_{on}g}$ .
Therefore the claimed upper bound on the nunl-
ber of circles that int, $\mathrm{e}\mathrm{r}\mathrm{C},\mathrm{e}\mathrm{c}\cdot \mathrm{t}e$ follows. Silice the
circles in $C^{*}$ are pairwise disjoint. the area in $R$
covered by $C^{*}$ satisfies
$R^{*}< \frac{\pi\cdot(d_{lon_{\mathit{9}}})\mathit{2}}{6}$ . $\lceil l(e)/d_{l_{\mathit{0}}}ng1$ . $(^{(}\iota))$
Theorem 6 Let $S^{+}$ be the vertex set of $T^{+}$ and
let $MWT(S^{+})$ denote the minimum-weight trian-
$gul’$’ tion of
$\cdot$
$S^{+}$ . Then $\prime \mathit{1}^{+}\urcorner\dot{i}S$ a 6-length approxi-
mation $fo7^{\cdot}MWT(S^{+})$ .
$\mathrm{P}\mathrm{R}\mathrm{t})\mathrm{o}\mathrm{p}$ . Let $e_{\min}$ be the shortest edge in $T^{+}$ .
Th$‘\backslash 11l(e_{mi,l})$ is the minimnm interpoint distance
ill $\iota^{)}‘|+$ . because $:I^{\tau+}$ is Delaunay. So any edge $e$ of
$\mathrm{M}l\backslash ^{\tau}\prime \mathrm{r}(S^{+})$ satisfies $l(e)\geq l(e_{\min})$ . On the other
halld. any edge $e’$ of $T^{+}$ fulfills $l(e’)\leq 6\cdot l(e_{\min})$ ,
by $\mathrm{r}_{1^{\urcorner}1_{1}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}1112}$ . It renlains $\mathrm{t}\mathrm{o}$ }) $\mathrm{e}$ observed that ev-
ery triangulation of $S^{+}$ realizes the same number
of edges. $\mathrm{B}\rfloor$
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5 Discussion and Extensions
We have considered the problem of $\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{n}_{\circ}(y$
length-uniform triangular meshes for the $\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{c}\Gamma \mathrm{i}\mathrm{o}\mathrm{l}$.
of convex polygons. A unifying algorithm $\mathrm{c}\mathrm{a}\mathrm{p}\mathrm{a}\mathrm{b}\mathrm{l}‘$
of computing constant approximations for these
problems has been developed. The basic idea is to
relate $\mathrm{t}_{)}\mathrm{h}\mathrm{e}$ length of triangulation edges to the $0_{1}$ )$-$
timum $\mathrm{e}_{\lrcorner}\mathrm{x}\mathrm{t}\mathrm{r}\mathrm{e}\mathrm{m}\mathrm{e}$ packing distance. The proposecl
heuristic is easy to implement and seems to pro-
duce acceptably good triangular meshes as far as
computational experiments are concerned.
In practical applications, more general input
polygons need to be triangulated. Ill fact, olll$\cdot$
algorithm works with minor modification for ar-
bitrary polygons with possible holes. Convexity is
used solely in the proof of Lemma 9. As a conse-
quence, Theorems 1 and 2, the $\mathrm{a}\mathrm{p}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{x}\mathrm{i}_{111\mathrm{a}\mathrm{t}}\mathrm{i}_{0}11\Gamma\zeta\backslash -$
sult for Problem 1, and Theorem 6 still hold. $\mathrm{T}\mathrm{h}\langle^{\mathrm{t}}$
rnodification needed is that visible distances in $\subset\{$
non-convex polygon $P$ should be considered olll.v.
in the proofs as well as concerning the$\cdot$ $\mathrm{a}_{0}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{h}111$ .
That is, for $\mathrm{t}_{J}\mathrm{h}\mathrm{e}$ point set,$\mathrm{s}S\subset P$ in question. $\mathrm{t}\mathrm{h}\mathrm{t}^{\backslash }$
Delaunay triangulation of $S\cup V$ constrained by $P$
has to be utilized rather than $\mathrm{D}\mathrm{T}(S\cup V)$ .
The proof of Lemma 9 (and with it tlle ap-
proximation results for $\mathrm{P}\mathrm{r}o$blems 2 and 3) still $\mathrm{g}_{\mathrm{t})}$
through for non-convex polygons $P$ with interiol$\cdot$
angles of at most $\frac{3\pi}{2}$ , provided $n$ is large $\mathrm{e}\mathrm{n}\mathrm{o}\mathrm{u}\mathrm{g}\mathrm{l}_{1}$
to make the value $\tau_{3}^{2_{=d_{lon}}}g$ fall short of the nlini-
mum distance between non-adjacent edges of $P$ .
The bottleneck is inequality (9) which llee4 not
hold if the rectangular regions around $P$ overlap.
We pose the question of establishing a version of
Lemma 9 for general non-convex polygons, and of
improving the respective bound $c_{2}3$ for the convex
case.
From the viewpoillt of applications to design of
structures, it is also irnportant to generate a tri-
angular mesh for approximating surfaoes such as
large-span structures. This topic is left to furthel$\cdot$
research.
Acknowledgements
This research was partially supported by the
Austrian Spezialforschungsbereich F003, Opti-
mierung und Kontrolle, and the Grant-in-Ai$(1$
for Scientific $\mathrm{R}\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{a}\mathrm{r}\mathrm{c}1_{1}$ on Priority Areas (B)
(No. 10205214) by the Ministry of $\mathrm{F}_{\lrcorner}\mathrm{d}\mathrm{u}\mathrm{c}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ , Sci-
en((’. Sports and Culture of Japan. In addition,
tlle follrth author was also supported by NSF of
$\mathrm{C}1_{1}\mathrm{i}_{1}1\mathrm{a}$ (No. 19731001) and the Japan Society for
the $\mathrm{I}^{\supset}\mathrm{r}o\mathrm{m}\mathrm{o}\mathrm{t}\mathrm{i}\mathrm{o}11$ of Sciellce of Japan. We, greatfully
$\mathrm{a}\mathrm{c}\cdot \mathrm{k}\mathrm{l}\mathrm{l}\mathrm{o}\mathrm{w}\mathrm{l}\mathrm{e}\mathrm{d}\mathrm{g}\mathrm{e}$ all these support.
References
[1] F. Aurenhalnmer, “Voronoi diagrams–a survey
of a fundamental geometric data structure”, ACM
Computing Surve.vs 23 (1991), 345-405.
[2] M. Bern, D. Dobkin and D. Eppstein, “Trian-
gulatillg polygons without large angles’, Intl. J.
Compnt. Geom. and Appl. 5 (1995), 171-192.
[3\rfloor M. $\mathrm{B}\mathrm{e}1^{\cdot}11$ and D. $\mathrm{E}_{\mathrm{I}^{)}\mathrm{P}^{\mathrm{S}\mathrm{t}\mathrm{e}}}\mathrm{i}\mathrm{n}$. “Mesh generation and
$\mathrm{t})1^{)}\mathrm{t}\mathrm{i}_{1}\mathrm{n}\mathrm{d}1$ triallgulation”, in D.-Z. Du (ed.), Com-
$\mathit{1})\dagger \mathrm{t}\mathrm{t},i\iota 1g$ in Euclid$‘$)$m$ Geometry, World Scientific
Publislling, 1992. 47-123.
[ $4\rfloor$ M. Bern, D. Eppstein and $\mathrm{J}.\mathrm{R}$ . Gilbert, “Provably
good niesh generation”, $J\mathrm{o}$urnal of Computer and
Systeni Sciences 48 $(1_{\backslash }^{\mathrm{t})9}4)$ , 384-409.
[5] M. $\mathrm{B}\mathrm{c}\mathrm{l}\cdot \mathrm{n}$ . S. $\mathrm{M}\mathrm{i}\mathrm{t}\mathrm{c}\cdot \mathrm{h}\mathrm{e}\mathrm{i}\mathrm{l}$ and J. Ruppert, “Linear-
size $11\mathrm{e}$) $110|_{)}\mathrm{t}\mathrm{u}$se triangulation of polygons”, Pro-
( $\epsilon*_{-}\triangleleft \mathrm{i}\mathrm{n}\mathrm{g}‘ \mathrm{s}$ of the 10th Ann. ACM $\mathrm{S}\mathrm{y}\mathrm{m}\iota$) $\mathrm{O}\mathrm{S}\mathrm{i}\mathrm{u}\mathrm{m}$ on
$\mathrm{C}_{1\mathrm{m}}^{\mathrm{t}}\iota)\mathrm{t}\iota \mathrm{t}_{\mathrm{d}}$tional Geolnetry (1994), 221-230.
$[()]$ P. Chew, “Guaranteed-Quality Mesh Generation
for Curved Surfaces”, Proceedings of the 9th Ann.
ACM Sylnposium on Computational Geometry
(1993), 274-280.
[7] H. $\mathrm{E}\mathrm{d}_{\mathrm{C}}\mathrm{k}\mathrm{t}$) $\Gamma \mathrm{u}\mathrm{n}\mathrm{n}\mathrm{e}\mathrm{r}$ and $\mathrm{T}.\mathrm{S}$ . Tan, “A quadratic time
$\mathrm{a}\mathrm{l}\mathrm{g}\mathrm{o}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{n}\mathrm{l}$ for the minmax length triangulation”,
SIAM.Journal on $C\mathrm{c}\mathrm{J}Inp\mathcal{U}$ting 22 (1993), 527-551.
[8] T. Feder and $\mathrm{D}.\mathrm{H}$ . Greene, “Optimal Algorithms
for $\mathrm{A}_{\mathrm{P}1)1}\sim(\mathrm{x}\mathrm{i}\mathrm{m}\mathrm{a}\mathrm{t}\mathrm{e}$ Clustering”, Proceedings of the
20th Ann. ACM Symposium STOC (1988), 434-
444.
[9] $\mathrm{C}_{7}$ . Fejes $\ulcorner 1_{\acute{\mathrm{O}}}^{\urcorner}\mathrm{t}\mathrm{h}$ , “Packing and covering”, in Hand-
book of Discrete and Computational Geometry,
.T.E. Goodman auld J. O’Rpurke (e&.), CRC
$\mathrm{I}^{\supset_{1\mathrm{e}}}\cdot \mathrm{s}\mathrm{S}$ Series on Discrete Mathematics and its Ap-
$1^{y}1\mathrm{i}_{\mathrm{C}\mathrm{a}}\mathrm{t}\mathrm{i}\mathrm{C})11\mathrm{s}$ , 1997, 19-41.
[10] $1^{\gamma}$ . Gonzalez, “Clustering to minimize the max-
ilnum intercluster distance”, Theoretical Com-
puter Science 38 (1985), 293-306.
[11] D.S. Hochbaum and W. Maass, “Approximation
schelnes for covering and $\mathrm{p}\mathrm{a}\mathrm{c}\mathrm{k}\mathrm{i}\mathrm{n}_{\circ}\sigma$ problems in im-
age $\mathrm{P}^{\mathrm{r}\langle)(\mathrm{e}}S\mathrm{b}\mathrm{i}\mathrm{n}\mathrm{g}$ and VLSI”. Journal of the $ACM$
32 (1985), 130-136.
[12] $\mathrm{D}.\mathrm{S}$ . $\mathrm{J}_{\mathrm{t})}1_{1}11\mathrm{S}\mathrm{o}\mathrm{n}$, “The $\mathrm{N}\mathrm{P}$-completeness column:
An ongoing guide”, Journal of Algorithms 3
(1982), 182-195.
189
Figure 1: Illustration of circles $C_{i}$ and $C_{i+1}$ .
[13] E. Melisseratos and D. Souvaine, “ $\mathrm{C}\mathrm{o}_{1)}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{w}\mathrm{i}\mathrm{t}1_{1}$
inconsistencies: A new approach to $\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{d}\mathrm{u}\mathrm{C}^{\cdot}(\mathrm{i}$
quality triangulations of polygonal donlains $\mathrm{w}\mathrm{i}\mathrm{t}l_{1}$
holes”, Proceedings of the 8th Ann. ACM Sylll-
posium on Computational Geometry $(1.9^{(}.)2),2()2-$
211.
[14] H. Nooshin. K. Ishikawa, $\mathrm{P}.\mathrm{L}$ . Disllev and
$\mathrm{J}.\mathrm{W}$ . Butterworth, ‘The $\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{v}\mathrm{i}_{\dot{\mathrm{c}}}\iota\iota \mathrm{i}\mathrm{o}111$) $\mathrm{r}\mathrm{o}\mathrm{c}\mathrm{e}\mathrm{S}^{\sigma}1$ ”’,
Journal of tlle International Association for $Sl_{1}\epsilon’ ll$
an$\mathrm{d}$ Spatial $Str\mathrm{u}ct\mathrm{u}r\mathrm{e}\mathrm{s}38$ (1997), 165-175.
[15] M. Ohsaki, T. Nakamura and M. Kohiyama.
“Shape optimization of a double-layer $\mathrm{s}_{1^{)}}\mathrm{a}\mathrm{C}\mathrm{e}$ truss
described by a parametric surface”, International
$.Io$urnal of Space Structures 12 (1997), 109-119.
[16] J. Ruppert, “A Delaunay Refinement $\mathrm{A}\mathrm{l}\mathrm{g}\mathrm{o}\mathrm{r}\mathrm{i}\mathrm{t}\mathrm{h}\mathrm{l}\mathrm{l}\mathrm{l}$
for Quality 2-Dimensional Mesh $\mathrm{G}\mathrm{e}11\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}’$ .
Journal of Algorithms 18 (1995), 548-585.
190
